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Abstract
In this paper, continuing work of the second author (J. Pure Appl. Algebra 155 (2001) 77) for
rational curves, we address the problem of computing the generators of the ideal of an irreducible
parametric variety V to the computation of the generators of the ideal of a suitable 5nite set of
points on V . In particular, we consider the case of general parametric surfaces and threefolds
and of general parametric surfaces represented by polynomials with base points.
c© 2003 Elsevier B.V. All rights reserved.
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Let V ⊂ Pn be a projective variety parametrized by a map  : Pm → Pn given
by homogeneous polynomials of (the same) degree r. Set I(V ) be the ideal of V .
Fix an integer d and let S = {P1; : : : ; PN} be a set of N = (dr+mm ) points in Pm such
that T = (S) = {(P1); : : : ; (PN )} is a set of N points of Pn. Assume that no
hypersurface of degree dr contains S (i.e. the points of S are in generic position). Let
I(V )d′={f∈ I(V )|degf=d′} and I(T )d′={f∈ I(T )|degf=d′}; then I(V )d′=I(T )d′
for any d′6d.
Thus to compute the generators of degree less or equal to d of the ideal I(V )
(and then the Hilbert function) of a parametric variety V it is enough to compute the
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generators of an ideal of an appropriate set of points in V , to the given degree d, and
this can be done by using the polynomial algorithms that compute the generators of
an ideal of points to any 5xed degree [5,7,10,12].
If we want to compute a (minimal) set of generators of I(V ) then the crucial prob-
lem is to know a degree for which I(V ) can be generated by forms of degree d.
This is possible for general smooth parametric varieties V using the regularity reg(V )
of V . In fact, let HV (d) be the Hilbert function of V . If n¿ 2m and V is general
(i.e. the coeIcients of the polynomials that represent V are generically chosen) then
HV (d) = (
dr+m
m ) for some d. Moreover, V is smooth of dimension m and degree r
m
with reg(V )6 =min{d|HV (d)= (dr+mm )}+1 whence I(V ) is generated in degree .
All this gives an eIcient algorithm [Algorithm I] for computing a minimal set of
generators of a general parametric variety V . The implementation of this algorithm is
contained in the software Points [11] and in the case of rational curves it has been
applied to the formulation of a conjecture [9, Conjecture 3.7] about the maximal rank
and the minimal generation of V .
A parametric smooth variety V ⊂ Pn has maximal rank if its Hilbert function is
maximal and is minimally generated if the natural map
(d): H 0(IV (d))⊗ H 0(OPr (1))→ H 0(IV (d+ 1))
is of maximal rank, for any d.
In this paper, we apply the implementation of the algorithm to the formulation of
the following conjecture
Conjecture 1. Let V ⊂ Pn (n¿ 5) be a parametric non-degenerate smooth surface of
degree . If either n = 7 or  = 9 a general V has maximal rank and is minimally
generated. A general surface of degree 9 in P7 has maximal rank but is not minimally
generated.
We proved the conjecture by computer for surfaces of degree 6 49 except the case
= 9; n= 7. In this case, the computed examples suggest that the general surface has
maximal rank and is not minimally generated but we were not able to prove this.
Conjecture 2. Let V ⊂ Pnk (n¿ 7) be a parametric non-degenerate smooth threefold.
A general V has maximal rank and is minimally generated if and only if either n = 7
or  = 8.
We proved the conjecture by computer for degree 6 27 proving also the following
result.
Theorem. Any general parametric smooth three-fold of degree 8 in P7 has not
maximal rank.
In the last section, we consider the case of parametric surfaces represented by a linear
system with base points and we construct an algorithm [Algorithm II] that allows to
prove, by computer, the following conjecture for r6 3, all q; n and for r = 4; q¡ 4.
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Conjecture 3. Let V ⊂ Pn be a parametric non-degenerate smooth surface repre-
sented by n+1 general polynomials of degree r with q6 ( r+12 ) base points in generic
position. Then:
(a) V has always maximal rank.
(b) V has maximal rank and is minimally generated except for r = 3 and (q; n)∈
{(1; 5); (1; 7); (2; 5); (2; 6)}.
In all the paper Pn denotes the projective n-dimensional space over an algebraically
closed 5eld k, and, if V is a variety of Pn, I(V ) =
⊕
n¿0 I(V )d ⊂ k[X0; : : : ; Xn] = R
denotes the ideal of V and A= R=I(V ) the coordinate ring of V . HV (d) = dimk Ad =
dimk Rd−dimk I(V )d=(d+rr )−dimk I(V )d denotes the Hilbert function and PV (d) the
Hilbert polynomial of V (or of I(V )).
In the following, we say that V is generated in degree d if the ideal I(V ) of V can
be generated by forms of degree 6d.
1. Computing the Hilbert function and the generators of the ideal of a general
parametric variety
Denition 1.1. We say that V ⊂ Pn is a parametric variety when V is reduced,
irreducible, of dimension ¿ 0 and there is a rational map  :Pm → Pn given by
homogeneous polynomials of the same degree r whose image is a dense subset of V .
Observe that any rational map Pm → Pn can be given by homogeneous polyno-
mials. So every unirational variety is parametric, but it satis5es the extra condition:
k(Pm) separable over k(V ). In particular, when the characteristic is 0, parametric and
unirational are synonymous.
Denition 1.2 (Orecchia [9]). Let d and m be 5xed positive integers. We say that the
set S = {P1; : : : ; PN} ⊂ Pm of N = (d+mm ) points is in generic position if it is not
contained in any hypersurface of degree d.
Lemma 1.3. Let V ⊂ Pn be an irreducible projective variety parametrized by the
rational map  :Pm → Pn:
([t0; : : : ; tm]) = [f0(t0; : : : ; tm); : : : ; fn(t0; : : : ; tm)];
where fi ∈ k[t0; : : : ; tm] are homogeneous polynomials of degree r. Let d be a ;xed
integer; let S= {P1; : : : ; PN} ⊂ Pm be a set of N =(dr+mm ) distinct points is in generic
position and assume (f0(Pi); : : : ; fn(Pi)) = (0; : : : ; 0) for any i) i.e.  de;ned on S;
put T := (S) ⊂ Pn.
(a) I(V )d′ = {f∈ I(V )|degf = d′}= {f∈ I(T )|degf = d′}= I(T )d′ for any d′6d.
(b) HV (d′) = HT (d′), for any d′6d and the elements of degree 6d of a minimal
set of generators of I(T ) form a subset of a minimal set of generators of I(V ).
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Proof. (a) Clearly I(V )d′ ⊂ I(T )d′ . We want to prove the opposite inclusion. If f ∈
I(V )d′ then there is a point Q∈Pn such that f((Q)) = 0, so that f(f1; : : : ; fn)
is a non-zero polynomial of degree d′r6dr; on the other hand, if f∈ I(T )d′ then
f0(Pi) = · · · = fn(Pi) = 0, for any i, thus f(f1; : : : ; fn) vanishes on the N = (dr+mm )
points Pi and this contradicts the assumption of generic position.
(b) Is clearly a consequence of (a) and of the fact that HV (d)= (
d+r
r ) −
dimk I(V )d.
By Lemma 1.3 the computation of the generators of I(V ) is reduced to the compu-
tation of the generators of a 5nite set of points.
If V is as in Lemma 1.3 these algorithms can be used for computing the elements
of degree less than or equal to d, of a minimal set of generators of I(V ).
Now to compute the Hilbert function and a minimal set of generators of I(V ) it is
crucial to have a bound for the regularity of V .
A coherent sheaf F on Pn is d-regular if Hi(F(d − i)) = 0 for i¿ 0. If F is
d-regular, F is n+ 1-regular [8, Lecture 14].
Denition 1.4. A variety V ⊂ Pn is d-regular if the sheaf IV associated to the ideal
I(V ) of V is d-regular. We set:
reg(V ) = min{d|IV is d− regular}:
Proposition 1.5. V is generated in degree reg(V ).
Proof. see [8, p. 99].
Lemma 1.6. Let V ⊂ Pn be a parametric variety parametrized by ([t0; : : : ; tm]) =
[f0(t0; : : : ; tm); : : : ; fn(t0; : : : ; tm)], where fi ∈ k[t0; : : : ; tm] are homogeneous polynomials
of degree r. Then for all d there is a natural injective map:
A(V )d → H 0(OPm(dr)) ∼= K[t0; : : : ; tm]dr:
Proof. For all homogeneous polynomials F ∈ k[y0; : : : ; yn] of degree d put
d(F) = F(f0(t0; : : : ; tm); : : : ; fn(t0; : : : ; tm))∈ k[t0; : : : ; tm];
observe that d vanishes on all polynomials F which are 0 on V ; conversely, if F(P) = 0
for some P ∈V , then the same holds for some point in the image of , i.e. there is
a point Q∈Pm with d(F)(Q) = 0, so that d(F) is not null. Hence the kernel of d is
exactly I(V )d and the claim follows.
Proposition 1.7. Let V ⊂ Pn be a parametric variety parametrized by a map
([t0; : : : ; tm]) = [f0(t0; : : : ; tm); : : : ; fn(t0; : : : ; tm)];
where fi ∈ k[t0; : : : ; tm] are homogeneous polynomials of degree r in Pm. Then:
(a) HV (d)6min{(d+nn ); (dr+mm )}, for all d;
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(b) V is smooth of dimension m, degree rm and the polynomials fi have no base
points if and only if HV (d) = (dr+mm ) for some d¿ 0;
(c) If =min{d¿m+1|HV (d)=(dr+mm )}+1 then reg(V )6 , hence the ideal I(V )
is generated in degree  and HV (d) = PV (d) = (dr+mm ) for any d¿ .
Proof. (a) Since HV (d) is the dimension of A(V )d, which injects into H 0(OPm(dr)),
the assertion is an easy consequence of the Lemma.
(b) Assume that equality is attained for some d. The polynomials fi00 f
i1
1 · · ·finn ,
where i1 + · · ·+ in = d, generate all polynomials of degree dr in t0; : : : ; tm and this is
clearly impossible unless f0; : : : ; fn have no base points and separate points and tangent
vectors; it follows that  is a regular embedding. Conversely, if V is isomorphic to
Pm, then its Hilbert polynomial is (dr+mm ).
(c) Note that if  exists, then V is isomorphic to Pm and the restriction map
H 0(OPn( − 1)) → H 0(OV ( − 1)) surjects; this implies H 1(IV ( − 1)) = 0 and
Hi(IV (− i)) =Hi−1(OV (− i)) =Hi−1(IPm(r(− i))) for n¿ i¿ 1. Since ¿m
these cohomology groups vanish for i¿ 0; hence V is -regular, which implies (c).
Proposition 1.8. Let m; n; r be ;xed integers, n¿ 2m. Let V ⊂ Pn, be as above and
a1; : : : ; aq be all the coe<cients of the polynomials f1; : : : ; fr . Then there exists an
open non-empty subset of Aq such that, for any (a1; : : : ; aq)∈Aq, HV (d) = (dr+mm ),
for some d.
Proof. First we prove that for any m; r¿ 0 and n¿ 2m there exists a V0 which is
smooth, of dimension m and degree rm: just take a general projection in Pn of the
Veronese embedding of Pm, which is de5ned by a basis for the space of homogeneous
polynomials of degree n; the corresponding map 0 is a smooth embedding, so there
exists a d0 such that HV0 (d) = (
dr+m
m ) for all d¿d0.
Now the Proposition follows from the well known fact that being very ample is an
open condition for families of non complete linear systems of 5xed dimension.
The previous results allow to construct the following algorithm:
Algorithm I
Input: degree and coeIcients (chosen randomly by the computer) of the polynomials
that represent a parametric variety V .
Output: Elements of a minimal set of homogeneous generators of the ideal I(V )
and Hilbert function of V .
1. Set t = 1.
2. Computation, relatively to degree t, of the set T of points of Lemma 1.3 (using
Corollary 1.5).
3. Application to the computed points of V of the algorithm of [8] (see also [1]), in
which the elements of degree= t of a minimal basis of I(T ) and the Hilbert function
in degree t are constructed.
4. If HV (t) = (
tr+m
m ) + 1 stop else t = t + 1 and goto 2.
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Algorithm I has been implemented in [11]. The comparison between the perfor-
mances of this implementation and the one relative to the (Hilbertdriven) algorithm of
elimination of CoCoA [3] show signi5cant improvements in timings.
2. Maximal rank and minimal generation of general parametric surfaces and
threefolds
In this section V ⊂ Pn is a parametric variety parametrized by ([t0; : : : ; tm]) =
[f0(t0; : : : ; tm); : : : ; fn(t0; : : : ; tm)], where fi ∈ k[t0; : : : ; tm], i = 0; : : : ; n are homogeneous
polynomials of the same degree r in Pm.
Denition 2.1. Let $(d) :H 0(OPn(d))→ H 0(OV (d)) be the natural restriction map. We
say that V has maximal rank if, for every integer d¿ 1, $(d) has maximal rank as a
map of vector spaces i.e. it is injective or surjective.
Denition 2.2. V is said to be minimally generated if the natural map
(d) : H 0(IV (d))⊗ H 0(OPrk (1))→ H 0(IV (d+ 1))
is of maximal rank, for any d¿ 1.
From now on, in this section,we assume that  is a smooth embedding, i.e. the
linear system generated by f0; : : : ; fn separates points and tangent vectors. Thus V is
smooth of dimension m and degree rm. Let  =min{d¿m|HV (d) = (dr+mm )}+ 1.
Denote with %(I(V )d) the number of degree d polynomials in a minimal set of
homogeneous generators of I(V ). Let &=min{d∈N|I(V )d = 0}.
Lemma 2.3. (a) V has maximal rank if and only if, for any 16d¡, we have
HV (d) = min
{(
d+ n
n
)
;
(
dr + m
m
)}
:
(b) If V has maximal rank V is minimally generated if and only if, for any
&6d6 , we have
%(I(V )d) = dimk I(V )d+1 −min{(r + 1) dimk I(V )d; dimk I(V )d+1}
where dimk I(V )d = (d+nn )− (dn+mm ) and dimk I(V )d+1 = (d+n+1n )− ( (d+1)n+mm ).
Proof. The claims follow from Proposition 1.7 observing that h0(OPn(d))= (
d+n
n ) and
h0(OV (d)) = (
dr+m
m ).
By using the previous Lemma one immediately recognises if the output of
Algorithm I gives a variety of maximal rank or minimally generated. The implemen-
tation of Algorithm I has allowed us to formulate the following conjectures.
Conjecture 1. Let char(k) = 0 and V ⊂ Pnk (n¿ 5) be a parametric non-degenerate
smooth surface of degree . If either n = 7 or  = 9 a general V has maximal rank
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and is minimally generated. A general surface of degree 9 in P7 has maximal rank
but is not minimally generated.
Example 1. We proved Conjecture 1, by computer, for 6 49 except the case  = 9
and n= 7, in which we could not prove minimal generation.
Remark. Consider the case of parametric surfaces, with r = 3 and n= 7. All compu-
tations done over 5nite 5elds give examples which are not minimally generated; more
precisely we get that I(V ) has 8 generators in degree 3 and 4 in degree 4, where we
expect only 3 generators. We were not able to prove that this is the general situation.
Note that this should have something to do with a sort of Enriques–Babbage–Petri anal-
ysis for non complete canonical embeddings of curves. Indeed, a general embedding
of P2 in P7 given by 8 polynomials of degree 3 determines, for a general sestic plane
curve C, an embedding of C in P7 which consists in the canonical embedding of C
followed by a general projection, i.e. a non-complete canonical embedding. If the map
(3) above for the case of n=7, m=2, r=3, is non surjective, then this implies some
extra syzygy among the cubics in the ideal of the image of C. This sounds familiar:
observe that the ideal of the (complete) canonical embedding of a curve is generated
by quadrics, except for few cases, among which we have plane quintic curves.
Conjecture 2. Let char(k) = 0 and V ⊂ Pnk (n¿ 7) be a parametric non-degenerate
smooth threefold of degree . A general V has maximal rank and is minimally gen-
erated if and only if either n = 7 or  = 8.
We proved the conjecture by computer for 6 27. We are also able to prove the
following result.
Theorem 2.4. If m = 3; n = 7;  = 8 a general parametric threefold has not maximal
rank.
Proof. First of all, we show that after a suitable change of coordinates in P3 and P7,
we may assume that the map  is de5ned by polynomials: f0 = t20 ; f1 = t
2
1 ; f2 = t
2
2 ;
f3 = t23 ; f4 = t0t− 1+ at0t3 + a′t1t2; f5 = t0t3 + bt0t3 + b′t1t2; f6 = t2t3 + ct0t3 + c′t1t2; f7 =
t1t3 + dt0t3 + d′t1t2.
Indeed, the linear system S generated by the fi’s corresponds to a general 7-plane
+ ⊂ P9; the set of double planes in P3 corresponds to the 2-Veronese W of P3 in
P9; if + is suIciently general, the pull back intersection + ∩W is non degenerate in
P3; so we may assume that S contains 4 independent double planes. The remaining 4
polynomials f4; : : : ; f7 are general; they can be put in the required form by a standard
matrix reduction.
Now one can write directly the matrix M of the restriction map
H 0OP7 (2)→ H 0OP3 (4)
which clearly depends on the 8 parameters a; a′; b; b′; c; c′; d; d′; for dimensional reasons,
it is non injective and surjects if the kernel is one-dimensional. On the other hand, by
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standard matrix reduction, the dimension of the kernel of M is equal to the dimension
of the kernel of the following 9× 10 matrix:


ad ac+bd cd d2 bc c2 cd 0 0 0
ac′ c′b+b′a−1 c′c c′d bb′ cb′ db′ 0 0 0
bd′ ba′ bb′ cd′ +bc′−1 0 0 a′c 0 b′c c′c
0 ad′ dd′ 0 aa′ ab′ +da′−1 ac′ db′ c′d 0
0 0 ab a2 0 b2 ab bc ac+db ad
a′d′ a′2 a′b′ a′c′ +b′d′ 0 0 a′b′ 0 b′2 c′b′
0 d′2 d′c′ 0 a′d′ d′b′ + c′a′ d′c′ b′c′ c′2 0
0 0 aa′ ad′ 0 ba′ bd′ ca′ cd′ +da′−1 dd′
ad′ aa′ +bd′ ab′ +d′c+1 ac′ +dd′ ba′ bb′ + ca′ da′ +bc′ +1 cb′ cc′ +db′ dc′


whose rank over Q(a; a′; b; b′; c; c′; d; d′) can be easily computed by MAPLETM : it
is 8.
3. Parametric surfaces with base points
When we start with polynomials f0; : : : ; fn with non empty base locus D, then the
previous procedure can be used to obtain informations on the properties of D and on
the properties of some blow up of P2.
Let D= {Q1; : : : ; Qq} be a set of distinct points in P2. Let f0; : : : fn be polynomials
in I(D)r , the rth piece of the homogeneous ideal of D. Then f0; : : : ; fn de5ne a rational
map  :P2 · · → Pn which is clearly undetermined at D. From now on we call V the
image of this map and we say that {Q1; : : : ; Qq} are the base points of f0; : : : ; fn.
We may investigate the Hilbert function of V just as we did above, but of course
in this case V is never an embedding of P2. On the other hand, the map may de5ne
an embedding of the blowing up of P2 at the points Qi’s.
In this new situation, the map de5ned in the proof of Lemma 1.6 has image in
I(D)dr , hence one gets:
Proposition 3.1. Let D; q; r;  and V ⊂ Pn be as above. Then for all d,  determines
a natural injective map A(V )d → H 0(IdD(dr)) = (IdD)dr .
The dimensions of the vector spaces (IdD)dr is not determined: it depends on the
position of the points in D. However, when q is small with respect to r, we are able
to say much more. Indeed we have the following:
Proposition 3.2. Let D be a set of q distinct point such that forms of degree r − 1
separate D and dim(ID)r−1¿ 2. Then for all d¿ 0, the fat scheme dD de;ned by
IdD imposes q(
d+1
2 ) = length(dD) conditions to polynomials of degree dr.
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Proof. For any Q∈D, take d general forms of degree r − 1 through D − {Q} and
missing Q and add forms of degree d through Q to prove that dD imposes independent
conditions.
Next observe that when D is general and q+5¡ dimK[x0; x1; x2]r the linear system
I(D)r de5nes an embedding of the blowing up of P2 at D (see [2]). Thus we may
rephrase Proposition 1.7 for linear systems with base points in general positions.
Proposition 3.3. Take r ¿ 1; q¿ 0 with q+26 dimK[x0; x1; x2]r−1. Take a set D of
q points in general position. Take f0; : : : ; fn ∈ I(D)r and de;ne  and V ⊂ Pn as
above. Then:
(a) HV (d)6 (
dr+2
2 )− q(d+12 ) for all d.
(b) If HV (d)= (dr+22 )− q(d+12 ) for some d¿ 1, then V is a surface of degree r2− q.
(c) If HV (d)= (dr+22 )− q(d+12 ) for some d¿ 0, then for a general choice of D′ in a
neighbourhood of D in (P2)q and f′0; : : : ; f′n ∈ (ID′)r the resulting surface V ′ ⊂ Pn
has HV ′(d)=(dr+22 )−q(d+12 ). So V ′ is smooth of degree r2−q and d+1-regular,
hence its ideal I(V ′) is generated in degree d+ 1.
Proof. The assumptions imply that curves of degree r − 1 separate D and we have
in5nitely many such curves through D. Thus (a) is immediate from Propositions 3.1
and 3.2. For (b), the equality implies that The polynomials fi00 f
i1
1 · · ·finn , where i1 +
· · ·+ in=d, generate I(D)rd hence they cannot have a base locus (scheme-theoretically)
larger than D. To see (c), note that, as in the proof of Proposition 1.7, for a general
choice of D′ we still have that the polynomials fi00 f
i1
1 · · ·finn generate I(D′)rd, whence
H 1(IV ′(d)) = 0. By [2] it is known that the complete linear system I(D)r gives an
embedding of the blowing up of P2 at D′, so V ′ is smooth. The last conclusion
follows now as in the proof of Proposition 1.7, by observing that the ideal sheaf of
V ′ is (d+ 1)-regular.
Observe that in the statement of (c) above, we need to use a general deformation
D′ of D since we do not know whether I(D)r embeds the blowing up of P2 for
all sets D in generic position. However, this is enough to explore the ideal of a
general projections of the blowing up of the plane at points, using again the software
Points [11].
Algorithm II
Input: Number q of base points and degree r of the parametrization, with ( r+12 )¿
q+ 2.
Output: Elements of a minimal set of homogeneous generators of the ideal I(V )
and Hilbert function of V .
1. Choice of a set D of q points in generic position, as in Corollary 1.4.
2. Random choice (using linear algebra) of a basis f0; : : : ; fn of I(D)r .
3. Set t = 1.
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4. Computation, relatively to degree t, of the set T of points of Lemma 1.3 (using
Corollary 1.5).
5. Application to the computed points of V of the algorithm of [9], in which the
elements of degree = t of a minimal basis of I(T ) and the Hilbert function in
degree t are constructed.
6. If t =min{d¿qr|HV (d) = (dr+22 )− q(d+12 )}+ 1 stop else t = t + 1 and goto 2.
We can also rephrase Lemmas 2.3 for linear systems with base points in generic
positions. Let =min{d¿m|HV (d)= (dr+mm )}+1. Denote with %(I(V )d) the number
of degree d polynomials in a minimal set of homogeneous generators of I(V ). Let
&=min{d∈N|I(V )d = 0} Let &=min{d∈N|Id = 0}.
Lemma 3.4. (a) V has maximal rank if and only if, for any 16d¡, we have
HV (d) = min
{(
d+ n
n
)
;
(
dr + 2
2
)
− q
(
d+ 1
2
)}
:
(b) Let V have maximal rank. Then V is minimally generated if and only if
%(I(V )) = dimk I(V )d + dimk I(V )d+1 −min{(r + 1)dimk I(V )d; dimk I(V )d+1};
where
dimk I(V )d=(
d+n
n ) − (dr+22 ) + q(d+12 ) and dimk I(V )d+1 = (d+n+1n ) − ( (d+1)r+22 ) +
q(d+22 ).
We have implemented Algorithm II in Points and studied the outputs for small
values of q; r; d by using Lemma 3.4. The results suggest the following:
Conjecture 3. Let V ⊂ Pn be a surface represented by n+ 1 general polynomials of
degree r with q6 ( r+12 ) general base points. Then:
(a) V has always maximal rank.
(b) V has maximal rank and is minimally generated except for r=3 and (q; n)∈
{(1; 5); (1; 7); (2; 5); (2; 6)}.
Remark. (1) In fact, as for the case of base point free linear systems, the conjecture
is proved by computer for r = 3, all q; n and for r = 4; q¡ 4, just using Lemma 3.4
and the previous algorithm.
(2) For the exceptional cases listed above, we should note that:
q = 1; n = 7: V is minimally generated if its ideal is generated by quadrics, which
is clearly impossible; indeed we know that the complete embedding of P2 bown up at
a point, in P8 has a trisecant planes variety of dimension 8 (see e.g. [13]), hence a
general projection in P7 has trisecant lines. So this case is a true exception.
q = 2; n = 6: Again V is minimally generated if its ideal is generated by quadrics,
which is absurd since as above the surface has trisecant lines.
q = 2; n= 5: here V is minimally generated if its ideal is generated by cubics; this
is impossible since V has a 4-secant line. The existence of a 4-secant line for such a
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surface V is classical. Observe that in the complete embedding in P7, the blowing up
of P2 at two points has a 4-secant 3-spaces variety which contains any given line (see
[4,6] for a wider discussion on this subject).
q = 1; r = 5: here one expects 7 cubics and 3 quartics as generators. On the other
hand, our computations always give 7 cubics and 6 quartics. We do not know whether
this is just a problem of using particular matrices in positive characteristic or it is a
real exception. This is the 5rst open case.
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